Abstract. We show that existing decay results for scalar fields on the Schwarzschild metric are sufficient to obtain a conformal scattering theory. Then we re-interpret this as an analytic scattering theory defined in terms of wave operators, with an explicit comparison dynamics associated with the principal null geodesic congruences. We argue that in the case of the Kerr metric, some crucial estimates are still missing in the litterature, without which a scattering theory for the wave equation is not accessible.
Introduction
Conformal time dependent scattering originates from the combination of the ideas of R. Penrose on spacetime conformal compactification [25, 26, 27, 28] , the Lax-Phillips theory of scattering [19] and F.G. Friedlander's notion of radiation fields [12, 13, 14] . The Lax-Phillips scattering theory for the wave equation is a construction on flat spacetime. It is based on a translation representer of the solution, which is re-interpreted as an asymptotic profile of the field along outgoing radial null geodesics, analogous to Friedlander's radiation field 1 . Observing this, Friedlander formulated the first version of conformal time-dependent scattering in 1980 [15] . The framework was a static spacetime with a metric approaching the flat metric fast enough at infinity (like 1/r 2 ) so as to ensure that the conformal spacetime has a regular null infinity (denoted I ). This allowed him to construct radiation fields as traces on I of conformally rescaled fields. The scattering theory as such was obtained by the resolution of a Goursat (characteristic Cauchy) problem on null infinity, whose data are the radiation fields. Then he went on to recover the analytically explicit aspects of the Lax-Phillips theory, in particular the translation representation of the propagator, a feature which is tied in with the staticity of the geometry 2 . His ideas were taken up by J.C. Baez, I.E. Segal and Zhou Z.F. in [1989] [1990] [2, 3, 4, 5, 6 ] to develop conformal scattering theories on flat spacetime for non linear equations. Note that the resolution of the characteristic Cauchy problem was the object of a short paper by L. Hörmander in 1990 [17] , in which he described a method of resolution based entirely on energy estimates and weak compactness, for the wave equation on a general spatially compact spacetime.
Friedlander himself came back to conformal scattering just before his death in a paper published posthumously in 2001 [16] . It is on the whole quite surprising that his idea did not entail more active research in the domain. It is even more puzzling that the research it did entail remained strictly focused on static geometries. In fact, the observation that a complete scattering theory in the physical spacetime, amounts to the resolution of a Goursat problem on the compactified spacetime, is the door open to the development of scattering theories on generic non stationary geometries. Probably Friedlander's wish to recover all the analytic richness of the Lax-Phillips theory prevented him from pushing his theory this far. However, the door being open, somebody had to go through it one day. This was done by L.J. Mason and the author in 2004 [22] , a paper in which a conformal scattering theory was developed for scalar waves 3 , Dirac and Maxwell fields, on generically non stationary asymptotically simple spacetimes. A conformal scattering theory for a non linear wave equation on non stationary backgrounds was then obtained by J. Joudioux in 2012 [18] .
The purpose of the present work is to show how existing decay results can be used to obtain conformal scattering constructions on black hole backgrounds. We treat the case of the wave 1 It is interesting to note that the integral formula, obtained by Lax and Phillips, that recovers the field in terms of its scattering data, was in fact discovered by E.T. Whittaker in 1903 [32] . This does not seem to have been known to them or to Friedlander. The Lax-Phillips theory gave Whittaker's formula its rightful interpretation as a scattering representation of the solutions of the wave equation. There is an interesting extension of this formula to plane wave spacetimes due to R.S. Ward [31] , developed further by L.J. Mason [21] . 2 More precisely, the existence of a translation representation of the propagator is tied in with the existence of a timelike Killing vector field that extends as the null generator of null infinity. 3 The treatment of the wave equation was not completed in this paper, the additional ingredients required can be found in another work by the same authors, dealing with the peeling of scalar fields, published in 2009 [23] .
equation on the Schwarzschild metric, for which the analytic scattering theory is already known (see J. Dimock and B.S. Kay in [1985] [1986] [1987] [8, 9, 10] ). The staticity of the exterior of the black hole gives a positive definite conserved quantity on spacelike slices, which can be extended to the conformally rescaled spacetime ; the known decay results (we use those of M. Dafermos and I. Rodnianski, see for example their lecture notes [7] ) are then enough to obtain a complete scattering theory. In the case of a Kerr black hole however, we no longer have a positive definite conserved quantity for the wave equation. We argue that in this situation, the available decay theorems (see [1, 7, 11] ) are not sufficient to obtain a conformal scattering theory. These results are weaker than Price's law (see R. Price [29] for scalar fields and [30] for zero-rest-mass fields), the decay being proven without rate ; this is not so convenient but probably not crucial. The real problem is that they do not establish uniform estimates both ways between an initial slice and a hypersurface moving towards the future ; their bounded energy results lack the time symmetry that would naturally entail such estimates, except for the paper by L. Andersson and P. Blue [1] where the bounded energy argument has the required time symmetry, but there the energy is of too high order to be convenient for scattering theory. Without estimates of this kind there is little hope of establishing a scattering theory for the wave equation on the Kerr metric.
It is in some sense unsatisfactory to use decay results, because they require a precise understanding of the trapping by the photon sphere, which is much more information than is needed for a scattering theory. However, such results should by nature be fairly robust under small perturbations. So the conformal scattering theories on stationary black hole backgrounds obtained using them can in principle be extended to non stationary perturbations. Not that this is at all trivial. This work is to be considered a first step in the developent of conformal scattering theories on black hole backgrounds, to be followed by extensions to other equations, to the Kerr geometry and to more general non stationary situations.
The paper is organized as follows. Section 2 contains the description of the geometrical framework for the case of the wave equation on the Schwarzschild metric. We describe the conformal compactification of the geometry and the corresponding rescaling of the wave equation. In section 3, we derive the main energy estimates on the compactified spacetime. Section 4 is devoted to the conformal scattering construction and to its re-interpretation in terms of wave operators associated to a comparison dynamics. This type of structure, contrary to the translation representation, would survive in a non stationary situation (see [22] for an analogous construction on non stationary asymptotically simple spacetimes). This re-interpretation concerns the most difficult aspects of analytic scattering theory : the existence of inverse wave operators and asymptotic completeness. For the existence of direct wave operators, which is the easy part, we keep the analytic approach using Cook's method ; this is explained in appendix A. The reason for this choice is the simplicity of the method and the facility to extend it to fairly general geometries, using a geometric transport equation as comparison dynamics, provided we have a precise knowledge of the asymptotic behaviour of the metric and good uniform energy estimates (which are in any case crucial for developing a conformal scattering theory). We discuss the extension of these results to the Kerr metric in section 5 and argue that some key ingredients are still missing in the literature.
Notations and conventions. Given a smooth manifold M without boundary, we denote by C ∞ 0 (M ) the space of smooth compactly supported scalar functions on M and by D (M ) its topological dual, the space of distributions on M .
Concerning differential forms and Hodge duality, following R. Penrose and W. Rindler [28] , we adopt the following convention : on a spacetime (M, g) (i.e. a 4-dimensional Lorentzian manifold that is oriented and time-oriented), the Hodge dual of a 1-form α is given by
where e abcd is the volume form on (M, g), which in this paper we simply denote dVol. We shall use two important properties of the Hodge star :
• given two 1-forms α and β, we have
• for a 1-form α that is differentiable,
Geometrical framework
The Schwarzschild metric is given on
where dω 2 (also denoted e S 2 below) is the euclidean metric on S 2 and M > 0 is the mass of the black hole. We work on the exterior of the black hole {r > 2M }, which is the only region of spacetime perceived by static observers at infinity (think for instance of a distant telescope pointed at the black hole). Introducing the Regge-Wheeler coordinate r * = r + 2M log(r − 2M ), such that dr = F dr * , the metric g takes the form
The Schwarzschild metric has a four-dimensional space of global Killing vector fields, generated by
which are the timelike (outside the black hole) Killing vector field ∂ t and the three generators of the rotation group. Some other essential vector fields are the principal null vector fields (the vectors we give here are "unnormalized", they are not the first two vectors of a normalized Newman-Penrose tetrad)
We perform a conformal compactification of the exterior region using the conformal factor Ω = 1/r, i.e. we putĝ = Ω 2 g .
To express the rescaled Schwarzschild metric, we use coordinates u = t − r * , R = 1/r, ω :
The inverse metric iŝ
The non-zero Christoffel symbols forĝ in the coordinates u, R, ω are :
If we use the coordinates (t, r, θ, ϕ), we get instead (still for the metricĝ)
the others being zero.
Future null infinity I + and the past horizon H − are null hupersurfaces of the rescaled spacetime
ω . If instead of u, R, ω we use the coordinates v = t + r * , R, ω, the metricĝ takes the form
In these coordinates we have access to past null infinity I − and the future horizon H + described as the null hypersurfaces
The compactification is not complete ; spacelike infinity i 0 and the timelike infinities i ± remain at infinity forĝ. The crossing sphere S 2 c , which is the boundary of all level hypersurfaces of t outside the black hole and the place where the future and past horizons meet, is not at infinity but it is not described by the coordinate systems {u, R, ω} and {v, R, ω} ; it is the only place in {r ≥ 2M }∪I ± where ∂ t vanishes. See Figure 1 for a Carter-Penrose diagram of the compactified exterior.
A crucial feature of the conformal compactification using the conformal factor 1/r is that it preserves the symmetries : the vector fields (3) are still Killing forĝ. In particular, the vector field ∂ t becomes ∂ u in the (u, R, ω) coordinate system, respectively ∂ v in the (v, R, ω) coordinate system ; thus it extends as the future-oriented null generator of null infinities I ± and the future and past horizons H ± .
We shall denote by M the exterior of the black hole, M = R t ×]2M, +∞[ r ×S 2 , and byM its conformal compactification, i.e. Remark 1. The constructions of the horizons and of null infinities are of a very different nature. Understanding the horizons as smooth null hypersurfaces of the analytically extended Schwarzschild exterior only requires a change of coordinates, for instance the advanced and retarded Eddington-Finkelstein coordinates (u, R, ω) and (v, R, ω). For the construction of null infinities however, the conformal rescaling is necessary and I ± are boundaries of the exterior of the black hole endowed with the metricĝ, not of the physical exterior (M, g).
The scalar curvature of the rescaled metricĝ is
if and only ifφ = Ω −1 φ satisfies
By the classic theory of hyperbolic partial differential equations (see Leray [20] ), for smooth and compactly supported initial dataφ 0 andφ 1 on Σ 0 , we have the following properties :
• there exists a uniqueφ ∈ C ∞ (M) solution of (9) such that φ| Σ 0 =φ 0 and ∂ tφ | Σ 0 =φ 1 ,
•φ extends as a smooth function onM and therefore has a smooth trace on H ± ∪ I ± .
The D'Alembertians for the metrics g andĝ have the following expressions in variables (t, r * , ω) :
The volume forms associated with g andĝ are
d 2 ω being the euclidean area element on S 2 . We define here the main hypersurfaces that we shall use in this paper :
For T > 0, the hypersurfaces Σ 0 , H + T , S T and I + T form a closed -except for the part where I + and Σ 0 touch i 0 -hypersurface on the compactified exterior (see Figure 2) . We make such an explicit choice for the hypersurface S T for the sake of clarity but it is not strictly necessary, all we require is that it is uniformly spacelike for the rescaled metric, or even achronal, and forms a closed hypersurface with Σ 0 , H + T , and I + T .
Energy identities
The usual stress-energy tensor for the wave equation is not conformally invariant. We have therefore two possible approaches to establish energy identities or inequalities.
1. Work with the rescaled quantitiesφ andĝ. The main advantage is that for all T > 0, the four hypersurfaces Σ 0 , H + T , S T and I + T are finite hypersurfaces in our rescaled spacetime (except for the part of Σ 0 and I + near i 0 , but we will work with solutions supported away from i 0 to establish our energy identities). However, we encounter a problem of a different kind : equation (9) does not admit a conserved stress-energy tensor. Fortunately, it turns out that if we use the stress-energy tensor for the wave equation on the rescaled spacetime, and contract it with ∂ t , the error term is a divergence. Therefore, we recover an exact conservation law. 2. Work with the physical quantities φ and g. We have an immediate conserved stress energy tensor associated with the equation. The drawback here is that I is at infinity. So we must use our conservation law to get energy identities on finite closed hypersurfaces, then take the limit of these identities as some parts of the hypersurfaces approach I .
Both methods are in principle absolutely fine. We choose the first one since, thanks to the stationarity of Schwarzschild's spacetime, it gives energy identities in a more direct manner 4 . By the finite propagation speed, we know that for smooth compactly supported data on Σ 0 , i.e. supported away from i 0 , the associated solution of (9) vanishes in a neighbourhood of i 0 . For such solutions, the singularity of the conformal metric at i 0 can be ignored and we obtain energy identities for all T > 0 between the hypersurfaces Σ 0 , H + T , S T and I + T . Then we show, using known decay results, that the energy flux through S T tends to zero as T → +∞. This yields an energy identity between Σ 0 , H + and I + , which carries over by density to initial data in a Hilbert space on Σ 0 (see section 3.4 for details).
Conserved energy current for the rescaled field
The stress-energy tensor for the wave equation associated withĝ is given bŷ
4 We will still however work with both the rescaled and the physical field when comparing our energy norms with those used by other authors. Of course the indices of vectors and 1-forms will have to be raised and lowered using the rescaled metricĝ when working with rescaled quantities and using the physical metric g when working with unrescaled quantities.
Whenφ is a solution of (9), the divergence ofT iŝ
The energy current 1-form associated with static observers is obtained by contractingT with the timelike Killing vector
Putting
it is easy to see that
and in the coordinate system (t, r, θ, ϕ), all the Christoffel symbolsΓ a a0 are zero. So (17) can be written as an exact conservation laŵ
Remark 2. The vector V is causal and future oriented onM, timelike on M, and the stressenergy tensorT ab satisfies the dominant energy condition. Therefore, the energy flux across achronal hypersurfaces will be non negative and that across spacelike hypersurfaces will be positive definite. We will observe these properties on the explicit expressions of the fluxes that we calculate in the next section.
Energy identity up to S T
The conservation law (18) gives an exact energy identity between the hypersurfaces Σ 0 , H + T , S T and I + T , for solutions of the rescaled equation associated with smooth and compactly supported initial data. We denote byÊ ∂t,S the rescaled energy flux, associated with ∂ t , across an oriented hypersurface S, i.e. 5Ê ∂t,S = −4
For any T > 0, we haveÊ
5 The factor −4 comes form the identity (2) applied toĴa + Va, i.e.
Remark 3. The property (1) of the Hodge star gives us an easy way to express the energy flux across an oriented 3-surface Ŝ
whereL is a vector field transverse to S and compatible with the orientation of the hypersurface, andN is the normal vector field to S such thatĝ(L,N ) = 1.
On I + , we take forL the future-oriented null vectorL I + = −∂ R in coordinates u, R, ω. The vector field −∂ R in the exterior of the black hole is equal to r 2 F −1 l, with l being the first principal null vector field given in (4), and extends smoothly to I + :
On H + , we chooseL
where n is the second principal null vector field in (4). On both I + and H + , we therefore havê N = ∂ t (i.e. ∂ v on H + and −∂ u on I + ). Since V ∝ ∂ t and on I and H the vector field ∂ t is null, we haveĝ(V,N ) = 0. The energy identity (20) reads
We calculate the explicit expressions of the energy fluxes through I
We observe that the first flux defines a positive definite quadratic form and the two others non-negative quadratic forms. We now calculate the flux through S T . To this purpose, we make explicit choices of vectorŝ L andN on S T . Let us denote
A co-normal to S T is given by
and the associated normal vector field iŝ
For the transverse vectorL, we can takê
which is future-oriented and satisfiesL aN a = 1. We can now calculate the energy flux through S T . First we have
The contraction ofL into the volume form forĝ is as followŝ
On S T , we have dt = r * 1 + r 2 * dr * , and thereforeL
So we obtainÊ
This is positive definite since |r * | < 1 + r 2 * (and degenerates asymptotically as |r * | → +∞). The energy fluxes across I + T and H + T are increasing non negative functions of T and their sum is bounded by E Σ 0 , by (18) and the positivity of E S T . Therefore they admit limits as T → +∞ and these limits areÊ ∂t,I + andÊ ∂t,H + . We have the following result : Proposition 1. For smooth and compactly supported initial data on Σ 0 , the energy fluxes of the rescaled solution across I + and H + are finite and satisfŷ
We have equality in the estimate above if any only if
Remark 4. In order to construct a conformal scattering theory, we merely need to prove (23) for a dense class of data, say smooth and compactly supported. The final identity will extend to minimum regularity initial data by density. Moreover, we can allow any loss of derivatives in the proof of (23) for smooth compactly supported data, since we do not need to prove thatÊ ∂t,S T tends to zero uniformly in terms of the data. This is the object of subsection 3.4.
Function space of initial data
The scattering theory we are about to construct will be valid for a function space of initial data defined by the finiteness of the rescaled energyÊ ∂t,Σ 0 . The analytic scattering theory constructed in [8] was valid for a function space of initial data defined by the finiteness of the energy of the physical field. It is interesting to notice that although the stress-energy tensor is not conformally invariant, the physical energy and the rescaled energy on Σ 0 are the same. Therefore, the function space of initial data for our conformal scattering theory is the same as in the analytic scattering theory of Dimock. Let us prove this. Consider the stress-energy tensor for the wave equation on the Schwarzschild metric
which satisfies ∇ a T ab = 0 for φ solution to the wave equation. The physical energy current 1-form associated with static observers is
where K is the timelike Killing vector field K = ∂ t . This is conserved
The associated energy flux through an oriented hypersurface S is given by 6
Similarly to what we saw for the rescaled energy fluxes, (25) can be expressed more explicitely as
where L is a vector field transverse to S and compatible with the orientation of the hypersurface, and N is the normal vector field to S such that g(L, N ) = 1.
Lemma 1. The energy fluxesÊ ∂t,Σ 0 and E ∂t,Σ 0 are the same.
Proof. A direct calculation shows that the physical energy flux across Σ 0 can be expressed in terms ofφ as follows
which is exactly the expression of the rescaled energy fluxÊ ∂t,Σ 0 .
Definition 1 (Finite energy space). We denote by H the completion of
The following result is classic. Its second part can be proved by Leray's theorem combined with energy identities. Its first part may be established by either the same method or by a spectral approach (showing that the Hamiltonian for (8) is self-adjoint on H as this was done in [8] and [24] ).
Proposition 2. The Cauchy problem for (8) on M (and therefore also for (9)) is well-posed in H, i.e. for any (φ 0 ,φ 1 ) ∈ H, there exists a unique φ ∈ D (M) solution of (8) such that :
(rφ , r∂ t φ) ∈ C(R t ; H) ; rφ| t=0 =φ 0 ; r∂ t φ| t=0 =φ 1 .
Moreover,φ = rφ belongs to H 1 loc (M) (where we take the natural Sobolev norms associated witĥ g on bounded open sets ofM).
Energy identity up to i + and trace operator
Here, we prove (23) for smooth and compactly supported data, using the estimates obtained in M. Dafermos and I. Rodnianski [7] . Theorem 4.1 in [7] contains sufficient information : an estimate giving decay of energy with a loss of 3 angular derivatives and one order of fall-off, as well as uniform decay estimates for more regular solutions with sufficiently fast fall-off at infinity. These are expressed in terms of quantities on the physical spacetime, i.e. unrescaled quantities. We need to make sure that they give the correct information for our energy on S T , which is entirely expressed in terms of rescaled quantities ; this is not completely direct since the usual stress-energy tensor for the wave equation is not conformally invariant. We start by translating their estimates using the notations we have adopted here. Theorem 4.1 in [7] is expressed for a spacelike hypersurface for the metricĝ that crosses H + and I + , i.e. an asymptotically hyperbolic hypersurface for g, defined by translation along ∂ t of a reference asymptotically hyperbolic hypersurface. Our hypersurface S T fits in this framework. The content of the theorem is the following.
(i) Consider the stress-energy tensor for the wave equation on the Schwarzschild metric : T ab given by (24) and let φ be a solution to the wave equation associated with smooth compactly supported data. Consider also a timelike vector field τ that is transverse to the horizon and equal to ∂ t for r large enough ; the vector τ a is of the form
where α ≥ 1, α = 1 for r large enough and β ≥ 0, β = 0 for r large enough. Denote by j a the unrescaled energy current 1-form associated with τ ,
The physical energy flux, associated with τ , of the solution φ across S T is given by
where N a is the normal vector field to S T associated via the metric g to the co-normal dΨ,
and
The energy flux E τ,S T decays as follows :
(ii) The solution also satisfies the following uniform decay estimates :
Remark 5. The constants in front of the powers of 1/T in the estimates of Theorem 4.1 in [7] involve some higher order weighted energy norms (third order for (i) and sixth order for (ii)) of the data, which are all finite in our case. The details of these norms are not important to us here. We merely need to establish that for any smooth and compactly supported data, the energy of the rescaled field on S T tends to zero as T → +∞.
Proposition 3. For smooth and compactly supported data φ and ∂ t φ at t = 0 there exists K > 0 such that for T ≥ 1 large enough,
Proof. First note that since α ≥ 1 and β ≥ 0, thanks to the dominant energy condition, we have
Hence the physical energy on S T associated with the vector field τ a controls the physical energy on S T associated with the vector field ∂ t :
Let us now compare the physical energy flux E ∂t,S T and the rescaled energy fluxÊ ∂t,S T using the relationφ = rφ. First, we have
and comparing with (22), we obtain
This gives usÊ
The second estimate in (27) says exactly that
Since moreover
and E ∂t,S T 1/T 2 by (26) and (28), this concludes the proof of the proposition.
Remark 6. The finiteness of the last integral in the proof is strongly related to the finiteness of the volume of S T for the measureμ S T induced byĝ. As one can readily guess from the definitions of S T andĝ, the volume of S T for the measureμ S T is independent of T . Figure 2 may be a little misleading in giving the impression that S T shrinks to a point, we must not forget that due to the wayĝ is rescaled, i + is still at infinity. The volume of S T forμ S T is easy to calculate. First we restrictĝ to S T using the explicit dependence of t on r * on S T :
Then we calculateμ S T :
So the volume of S T forμ S T is
Volĝ(S T ) = 4π
Note that
The two measuresμ S T andL dVolĝ on S T are not uniformly equivalent since
but this is integrable in the neighbourhood of 2M .
If we had normalized N to start with,
and putL a = ĝ cdN cN dL a , so thatĝ abÑ aLb = 1, then we would have dμ S T =L dVolĝ .
So we have the following result :
Proposition 4. For smooth and compactly supported initial data on Σ 0 , we havê
We can extend this result to minimum regularity initial data (i.e. data in H) by standard density arguments, provided we give a meaning to the energy fluxes across I and the horizon. We define a trace operator that to smooth and compactly supported initial data associates the future scattering data :
We define the trace operator
Then we extend this trace operator by density to H with values in the natural function space on H + ∪ I + inherited from (29) .
Definition 3 (Function spaces for scattering data). We define on H + ∪ I + the function space
We infer from Proposition 4 the following theorem : Theorem 1. The trace operator T + extends uniquely as a bounded linear map from H to H + . It is a partial isometry, i.e. for any (φ 0 ,φ 1 ) ∈ H,
Moreover, since finite energy solutions belong to H 1 loc (M), they admit a trace on H + ∪ I + in the usual sense, which belongs to H 1/2 loc (H + ∪ I + ). Let (φ 0 ,φ 1 ) ∈ H andφ be the associated solution such that (φ, ∂ tφ ) ∈ C(R t ; H), then
The trace operator T + is a trace in the strong sense 7 .
7 If we worked with first order equations like Dirac or Maxwell, finite energy solutions would merely live in L 2 ; we would still have a trace operator like T + , whose range would be
, but this would no longer be interpreted as a trace in the strong sense.
Scattering theory
The construction of a conformal scattering theory on the Schwarzschild spacetime consists in solving a Goursat problem for the rescaled field on H − ∪ I − and on H + ∪ I + . In this section, we first solve the Goursat problem on H + ∪ I + , the construction being similar in the past. Then we show that the conformal scattering theory entails a conventional analytic scattering theory defined in terms of wave operators. Since the exterior of a Schwarzschild black hole is static and the global timelike Killing vector ∂ t extends as the null generator of I ± and H ± , it is easy to show that the past (resp. future) scattering data, i.e. the trace of the rescaled field on H − ∪ I − (resp. on H + ∪ I + ) is a translation representer of the scalar field. We have a natural link between the conformal scattering theory and the Lax-Phillips approach, analogous to the one Friedlander established in his class of spacetimes. The difference is that in our case, the scattering data consist of a pair of data : the trace of the rescaled field on null infinity (which is exactly the radiation field) and on the horizon.
The Goursat problem and the scattering operator
We solve the Goursat problem on H + ∪ I + following Hormander [17] : the principle is to show that the trace operator T + is an isomorphism between H and H + . Theorem 1 entails that T + is one-to-one and that its range is a closed subspace of H + . Therefore, all we need to do is to show that its range is dense in H + .
Let (ξ, ζ) ∈ C ∞ 0 (H + ) × C ∞ 0 (I + ), i.e. the support of ξ remains away from both the crossing sphere and i + and the support of ζ remains away from both i + and i 0 ; in other words, the values of v remain bounded on the support of ξ and the values of u remain bounded on the support of ζ. We wish to show the existence ofφ solution of (9) such that (φ, ∂ tφ ) ∈ C(R t ; H) and
For such data the singularity at i + is not seen. We must however deal with the singularity at i 0 .
We proceed in two steps. First, we consider S a spacelike hypersurface forĝ onM that crosses I + in the past of the support of ζ and meets the horizon at the crossing sphere. Applying the results of Hörmander [17] , we know that there exists a uniqueΦ ∈ H 1 (I + (S)) (where I + (S) is the causal future of S) solution of (9) such that :
• given any foliation of I + (S) byĝ-spacelike hypersurfaces {S τ } τ ≥0 , such that S 0 = S (see figure 3 ),Φ is continuous in τ with values in H 1 of the slices and C 1 in τ with values in L 2 of the slices 8 ;
8 The best way of understanding this is to cut-off a neighbourhood V of i + that does not intersect the past of the supports of either ξ or ζ, extend the spacetime I + (S) \ V beyond its boundary into a compact spacetime (with spacelike boundary) diffeomorphic to [0, 1] × S 3 . We also extend the part of I + ∪ H + inside I + (S) \ V as a weakly spacelike hypersurface that is the graph of a smooth function over S 3 and extend the data by zero on this whole hypersurface. The generalized Cauchy problem is then well-posed (see Hörmander [17] ) and the solution coincides withΦ inside I + (S) \ V by standard arguments of domain of dependence. Then all the (extended) leaves of the foliation are diffeomorphic to S 3 and it makes perfect sense to consider regularity in time with values in H 1 or L 2 of the leaves.
•Φ| I + = ζ,Φ| H + = ξ. Second, we extend the solution down to Σ 0 in a manner that avoids the singularity at i 0 . The crucial remark is that the restriction ofΦ to S is in H 1 (S) and its trace on S ∩ I + is also the trace of ζ on S ∩ I + , which is zero because of the way we have chosen S. It follows thatΦ| S can be approached by a sequence {φ n 0,S } n∈N of smooth functions on S supported away from I + that converge towardsΦ| S in H 1 (S). And of course ∂ tΦ | S can be approached by a sequence {φ n 1,S } n∈N of smooth functions on S supported away from I + that converge towards ∂ tΦ | S in L 2 (S). Considerφ n the smooth solution of (9) on M with data (φ n 0,S ,φ n 1,S ) on S. This solution vanishes in the neighbourhood of i 0 and we can therefore perform energy estimates for φ n between S and Σ 0 : we have the energy identity
Similar energy identities between S and the hypersurfaces Σ t entail that (φ n , ∂ tφ n ) converges in C(R t ; H) towards (φ , ∂ tφ ), whereφ is a solution of (9) . By local uniquenessφ coincides witĥ Φ in the future of S. Hence if we denotê
This shows that the range of T + contains C ∞ 0 (H + ) × C ∞ 0 (I + ) and is therefore dense in H + . We have proved the following theorem.
Theorem 2. The trace operator T + is an isometry from H onto H + .
Definition 4. We introduce in a similar manner the past trace operator T − and the space H − of past scattering data 9 . We define the scattering operator S as the operator that to the past scattering data associates the future scattering data, i.e.
The scattering operator is an isometry from H − onto H + .
Wave operators
A conformal scattering construction such as the one we have just established can be re-interpreted as a scattering theory defined in terms of wave operators. This re-interpretation is more an a posteriori embellishment than a fundamental aspect of the theory, but it is interesting to realize that such fundamental objects of analytic scattering as wave operators, can be recovered from a purely geometrical construction which remains valid in time dependent geometries. To be completely precise, it is the inverse wave operators and the asymptotic completeness that we recover from the conformal scattering theory ; the direct wave operators are obtained in the classic analytic manner involving Cook's method. This choice is guided by simplicity and the flexibility of the method. The proof of existence of direct wave operators using Cook's method is the simplest part of analytic time-dependent scattering theory. Moreover, provided we have sufficiently explicit asymptotic information on our spacetime and good uniform energy estimates (without which we have in any case little hope of constructing a conformal scattering theory), it can be easily extended to fairly general non-stationary geometries, using a comparison dynamics that is defined geometrically, namely the flow of a family of null geodesics in the neighbourhood of the conformal boundary. The existence of inverse wave operators and asymptotic completeness, that we deduce from the conformal scattering construction in a direct manner, are the difficult aspects of analytic scattering. When constructing wave operators using a conformal scattering theory, there is, just as for analytic scattering, some freedom in the choice of comparison dynamics, as well as some complications inherent to the fact that the full and simplified dynamics often act on different function spaces, defined on different manifolds that may not have the same topology.
The freedom of choice is two-fold. First we may choose different types of dynamics : for the wave equation, we may wish to compare near infinity with the wave equation on flat spacetime or with a geometrically defined transport equation. In analytic scattering, the choice of comparison dynamics essentially fixes the space of scattering data as the finite energy space for the simplified Hamiltonian. In contrast, in conformal scattering, the energy space of scattering data is imposed by the energy estimates ; that is to say, the choice of vector field that we contract the stressenergy tensor with in order to get an energy current, fixes the functional framework, for both the scattering data and the initial data in fact. The comparison dynamics is then an additional 9 Note that the spaces H ± are naturally identified via a time reflexion t → −t.
choice, not completely determined by the space of scattering data. For instance, with a rather strong control on scattering data that seems to indicate the full flat spacetime wave equation as a natural simplified dynamics, we may yet choose a transport equation. All we really need is that the function space and the dynamics are compatible : the comparison dynamics can usually be expressed as an evolution equation on the space of scattering data, whose coefficients are independent of the time parameter ; this compatibility then simply means that the Hamiltonian should be self-adjoint. Second, for a given type of dynamics, there may still be some freedom. Say, if we choose a transport equation along a family of curves whose end-points span the conformal boundary, two different families of curves with the same end-points would work just as well.
In [22] , a conformal scattering construction on asymptotically simple spacetimes was reinterpreted as an analytic scattering theory defined in terms of wave operators. The comparison dynamics was determined by a null geodesic congruence in the neighbourhood of I , for which there are many choices. Also, some cut-off was required in a compact region in space, in order to avoid caustics. In the case we are considering here, the Schwarzschild geometry is sufficiently special that it singles out two congruences of null geodesics. Moreover, the topology of the spacetime (or equivalently the fact that the scattering data are specified on two disjoint null hypersurfaces instead of one in the asymptotically simple case) means that no cut-off is required.
The Schwarzschild spacetime is algebraically special of Petrov type D ; the four roots of the Weyl tensor are grouped at each point as two double principal null directions : ∂ t ± ∂ r * . The two principal null congruences provide two preferred families of null curves along which to define a comparison dynamics.
We now proceed to introduce the full and the comparison dynamics as well as the other ingredients of the wave operators. We denote by U(t) the propagator for the wave equation on the finite energy space H, i.e. for data (φ 0 ,φ 1 ) ∈ H at t = 0, given (φ , ∂ tφ ) ∈ C(R t ; H) the associated solution of (9), we have
The propagator U(t) is a strongly continuous one-parameter group of isometries on H.
Definition 5. The comparison dynamics, denoted by U 0 (t), acts on pairs of functions on Σ 0 as the push-forward along the flow of the incoming principal null geodesics on the first function, and the push-forward along the flow of the outgoing principal null geodesics on the second function.
Considered as an operator on pairs of functions on the generic slice Σ, it acts as a translation to the left on the first function and a translation to the right on the second :
It is a strongly continuous one-parameter group of isometries on
For our definition of direct and inverse wave operators, we need, in addition to the two dynamics U(t) and U 0 (t), an identifying operator, two cut-off functions and a pull-back operator between functions on the future conformal boundary and pairs of functions on Σ 0 . Definition 6.
1. In order to obtain explicit formulae, we use on H + the coordinates (v, ω), on I + the coordinates (−u, ω) and on Σ 0 we use (r * , ω). Both for functions on H + and I + , we shall denote by ∂ s the partial derivative with respect to their first variable, i.e. for ξ a function on H + ,
and for a function ζ on I + , ∂ s ζ = −∂ u ζ .
We define the identifying operator
It combines pairs of functions on Σ into initial data for equation (9).
We also define two cut-off functions
4. We introduce the operator
that pulls back the first function along the flow of incoming principal null geodesics and the second along the flow of outgoing principal null geodesics. By the definition of the variables u = t − r * and v = t + r * , in terms of coordinates (r * , ω) on Σ 0 , (v, ω) on H + and (−u, ω) on I + , the action of P + can be described very simply :
The operator P + is an isometry from H + onto H 0 (see (31) and Definition 3).
Remark 7. The operator P + provides an identification between the conformal scattering data (that are functions defined on the conformal boundary) and initial data for the comparison dynamics (seen as acting between the slices Σ t ).
Theorem 3. The direct future wave operator, defined for smooth compactly supported scattering data
extends as an isometry from H + onto H.
The inverse future wave operator, defined for smooth compactly supported initial data for (9)
extends as an isometry from H onto H + . Moreover, we haveW
Remark 8. It is important to understand that as soon as we have proved thatW + = T + , we have established the asymptotic completeness, since T + is an isometry from H onto H + . The proof of (32) only relies on the conformal scattering construction. Once (32) is established, all that remains to prove is the existence of the direct wave operator, which we do using Cook's method. The fact that W + is the inverse ofW + is an immediate consequence of (32) as we shall see.
Remark 9. The expressions of the wave operators can be simplified a little if we consider I + as the family of outgoing principal null geodesics and H + as the family of incoming principal null geodesics. With this viewpoint, the comparison dynamics seen as acting on functions on H + ∪ I + reduces to the identity. We introduce a family of projections P t that to a pair of functions (ξ, ζ) ∈ C ∞ 0 (H + ) × C ∞ 0 (I + ) associates its realization as a pair of functions on Σ t , which as functions of (r * , ω) have the following expression :
(ξ(r * + t, ω), ζ(r * − t, ω)) .
The direct and inverse wave operators acting on (ξ, ζ) then become :
We keep the version of the theorem however in order to get a closer similarity with the usual analytic expression of wave operators.
Proof of Theorem 3. All we need to do is prove that on a dense subspace of H,W + is well-defined and coincides with T + , and that similarly, on a dense subspace of H + , W + is well-defined and coincides with (T + ) −1 .
Let us consider
. We denote byφ the associated solution of (9) such that (φ, ∂ tφ ) ∈ C(R t ; H) and put (ξ, ζ) = T + (φ 0 ,φ 1 ). For t > 0, the operator
first propagates the solutionφ up to the slice Σ t , then cuts-off using χ − (resp. χ + ) the part of φ(t) near infinity (resp. near the horizon) and puts the result in the first (resp. second) slot. Finally, the combination (P + ) −1 U 0 (−t) is the push-forward of the function in the first slot onto H + along the flow of incoming principal null geodesics, and the push-forward of the function in the second slot onto I + along the flow of outgoing principal null geodesics.
Since the support of the non constant part of the cut-off functions χ ± on Σ t remains away from both I + and H + and accumulates at i + as t → +∞ (see figure 4) , we have the following pointwise limit 
This already proves thatW + is well-defined on smooth compactly supported initial data and coincides with T + on this dense subset of H. ThereforeW + extends as the isometry T + from H onto H + . Let us now prove that the convergence above takes place in H + . This means that
We prove (34), the proof of (35) is similar. Sinceφ ∈ C ∞ (M), we have
In particular due to the compact support of the initial data, for any v 0 ∈ R,
Let ε > 0, consider T > 0 large enough such thatÊ ∂t,S T < ε. As a consequence, we also have that the energy flux across the part of H + in the future of S T is lower than ε :
We choose t 0 > 0 large enough such that for all t > t 0 , the intersection of Σ t with the support of χ − is entirely in the future of S T ; we also choose v 0 > 0 such that the null hypersurface {v = v 0 } intersects all Σ t , t > t 0 , entirely in the future of S T (see figure 5 for an illustration of both choices). Then we have
Now thanks to (36), we can choose t 1 > t 0 such that for all t > t 1 we have
Putting (37), (38) and (39) together, we obtain that for t > t 1
This proves (34).
Let us now consider initial data (φ 0 ,φ 1 ) ∈ H. Still denotingφ the associated solution of (9) and (ξ, ζ) = T + (φ 0 ,φ 1 ), we prove (34) for such data. Let ε > 0, consider
Then the energy fluxes, on H + and Σ t for all t, ofφ −Φ, are all lower than ε. Since (34) is valid forΦ, we can find t 0 > 0 such that for all t > t 0 we have
It follows that for t > t 0 , we have This proves (34) for finite energy data. We have therefore established (32) . Let us now consider (ξ, ζ) ∈ C ∞ 0 (H + ) × C ∞ 0 (I + ). For t > 0, the operator U(−t)J U 0 (t)P + first (by the combination U 0 (t)P + ) pulls back ξ along the flow of incoming principal null geodesics and ζ along the flow of outgoing principal null geodesics, as a pair functions on Σ t . Then J combines these two functions to obtain the initial data on Σ t for the wave equation :
After which U(−t) propagates the corresponding solution of (9) down to Σ 0 .
In order to prove that U(−t)J U 0 (t)P + (ξ, ζ) converges in H as t → +∞, we use Cook's method ; the details of the proof can be found in Appendix A. Then it is easy to conclude that W + is the inverse ofW + . Let us consider for (ξ, ζ) ∈ C ∞ 0 (H + ) × C ∞ 0 (I + ) the quantity
By the strong convergence part of (32) and the convergence in H of
converges in H + towardsW + W + (ξ, ζ). But (40) simplifies as
Thanks to the compact support of ξ and ζ, this is equal to (ξ, ζ) for t large enough. This concludes the proof.
Corollary 1. Let us define similarly the past wave operators W − andW − . We havẽ
The scattering operator is related to the wave operators as follows
Translation representer, scattering data, radiation field
The conformal scattering theory we have constructed allows us, using the staticity of the exterior of a Schwarzschild black hole, to re-interpret immediately the scattering data as the crucial structure of the Lax-Phillips theory : the translation representer. This is expressed in the following theorem.
Theorem 4. The scattering data are a translation representer of the associated scalar field. More precisely, consider (φ, ∂ tφ ) ∈ C(R t ; H) a solution to (9), putφ 0 :
Then (expressing the functions using variables (v, ω) on H + and (−u, ω) on I + ),
Proof. If instead of (φ 0 ,φ 1 ) we take (φ| Σt , ∂ tφ | Σt ) for initial data, since ∂ t is Killing, this is equivalent to pulling back the whole solutionφ of a time interval t along the flow of ∂ t . Moreover ∂ t extends as ∂ v on H + and as ∂ u on I + . This concludes the proof.
Note that the part of the scattering data on I + is the trace ofφ = rφ on I + and is therefore exactly the future radiation field. The essential difference from the theory of Lax-Phillips and the construction of Friedlander in 1980 [15] is that we have a scattering theory with two scattering channels and therefore we need one extra scattering data. The important thing to understand here is that the translation representer is intimately related to the stationarity of the spacetime. If we give up stationarity, we also have to give up the translation representer but the conformal scattering construction would still be valid provided we have good estimates and a well-defined conformal boundary.
The case of the Kerr metric
On the Kerr metric, we can similarly try to use known decay results in order to construct a conformal scattering theory. The idea is to follow exactly the same method as in the Schwarzschild case : define a closed (modulo the singularity at i 0 ) hypersurface made of four pieces Σ 0 , H + T , I + T and a lid S T ; establish energy estimates both ways between Σ 0 and the three other pieces uniformly in the solutions and in T ; use known decay results to show that the energy on S T tends to zero as T → +∞.
Decay of linear fields outside a Kerr black hole has been a very active area of research for several years now, but results are not yet as precise as in the Schwarzschild case. The main difficulty is of course that outside a Kerr black hole, although there is a two-dimensional space of Killing vector fields and locally there is always one that is timelike, no such Killing field is timelike everywhere. In particular, for scalar fields, we cannot find a timelike vector field outside the black hole that gives a positive definite conserved energy. In spite of this there are now to our knowledge three decay results for scalar fields outside a Kerr black hole : L. Andersson and P. Blue [1] , M. Dafermos and I. Rodnianski (see for instance [7] ) and F. Finster and J. Smoller [11] . All these works establish decay but without rate which is perhaps not so good for dealing with the energy on S T . This is not the major difficulty however. What is missing in all these works, and without which there is no hope of obtaining a complete scattering, is a means of proving the uniform estimate both ways. Of course this must be done for an energy current that gives a positive energy on spacelike slices and a non-negative energy on achronal slices. In the work of L. Andersson and P. Blue, there is an energy that is controlled on the t = constant slicing, which leaves open the possibility of obtaining such a uniform estimate, however the energy is of too high order to be convenient for scattering theory, where one likes to work with minimum regularity solutions (finiteness of some weighted H 1 norm for scalar fields). M. Dafermos and I. Rodnianski rely on the redshift for proving decay. This gives an estimate of a suitable energy on the three top pieces by the initial energy, but the converse estimate cannot be obtained by the same method because when we go backwards in time, it is a blueshift that we have to deal with. F. Finster and J. Smoller control the energy of outgoing fields in terms of some function of the initial data, that may involve higher derivatives. So even though it is likely that some positive energy can be controlled globally in terms of the initial data using their method, here too the symmetry in time is broken because the energy at later times is not the same as that used on the data, and the converse estimate is not accessible.
Obtaining a uniform control of a positive energy on the level hypersurfaces of t in terms of the same energy of the data is the first question one asks when trying to control superradiance. Such an estimate entails the uniform equivalence between the energies at two different times simply using the time-reversed evolution, from which we could fairly easily obtain the required estimates. For an energy that does not involve derivatives of order higher than 1, this is not known at present. Without the uniform estimates both ways between Σ 0 and the three-part hypersurface described above, a complete conformal, or indeed analytic, scattering theory for scalar fields on the Kerr metric is not attainable, however precise the decay results may get in the future.
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A Cook's method for the direct wave operator
In this proof we represent the free dynamics in a slightly different but equivalent manner. The space H 0 =Ḣ 1 (R r * ; L 2 (S 2 )) × L 2 (R r * × S 2 ) is the direct orthogonal sum of two supplementary The operator H 0 is self-adjoint on H 0 and the free propagator U 0 (t) is just the group e itH 0 conjugated by the identifying operator :
With this description of the comparison dynamics, we need neither P + nor the identifying operator in the expression of the limit defining the direct wave operator W + . On H we consider the operator
the equation ∂ t U = iHU is the Hamiltonian form of (9). The operator H is self-adjoint on H and the propagator U(t) is equal to e itH .
Proposition 5. For all (U h , U ∞ ) ∈ H − 0 × H + 0 , smooth and compactly supported, the following limits exist in H :
lim t→+∞ e −itH e itH 0 U ∞ .
Proof. Take
A sufficient condition for the limit (41) to exist is that
Since e −itH is a group of unitary operators on H, the condition is equivalent to
This is easy to check : fall-off exponentially fast as r * → −∞.
The proof of the existence of the other limit is similar, but we do not get exponential decay in this case. Take
This time we have
and this falls-off like 1/t 4 as t → +∞, thanks to the compact support and the smoothness of ψ 0 and to the fact that F = 2M r 2 and r * r at infinity.
So we still obtain the integrability in time of (−iH + iH 0 ) e itH 0 U ∞ H and this concludes the proof.
As a consequence, for all U 0 ∈ H 0 , smooth and compactly supported, the limit lim t→+∞ e −itH e itH 0 U 0 exists in H. This is equivalent to the existence for smooth and compactly supported scattering data of the limit defining W + .
